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Abstract 



Using some adaptations of the adjacency decomposition method [ ChRe96 | and 



the program cdd ( | Fu95| ]), we compute the first computationally difficult cases 



of convex cones of m-ary and oriented analogs of semi-metrics and cut semi- 
metrics, which were introduced in | DeRo02| ] and |DePa99| ] . We considered also 



more general notion of (m, s)-super-metric and corresponding cones. The data 
on related cones - the number of facets, of extreme rays, of their orbits and 
diameters - are collected in Table |l]. We study also criterion of adjacency for 
skeletons of those cones and their duals. Some families of extreme rays and 
operations on them are also given. 



1 Introduction 

The notions of m-hemi-metric and m-partition hemi- metric, as well as of quasi- 
metric and oriented multi-cut quasi-metric, are, respectively, m-ary and oriented 
analogs of the (binary and symmetric) notions of metric and cut, which are impor- 
tant in Graph Theory, Combinatorial Optimization and, more generally. Discrete 
Mathematics. 

A finite semi-metric is a function d : — >■ M with = {1, 2, . . . , ra} satisfying 
to d{x,x) = 0, d{x,y) = d{y,x) and 

d{x, y) < d{x, z) + d{z, y) . 



Clearly, a semi-metric can take only non-negative values; it is not so, if we drop 
the condition d{x,y) = d{y,x). The notion of a semi- metric was first formalized in 
the classic paper by Frechet [[Fr06|| . The triangle inequality was first given as the 



central property of distances in |p^r06|| and later treated in Hausdorff |pial4| ]. The 



notion of a metric space appeared also in [Pr06|| , but the term "metric" was first 
proposed in |[Hal4||, page 211. 



*Michcl. Dcza@ens.fr, CNRS/ENS, Paris and Institute of Statistical Mathematics, Tokyo 
'''Mathieu.Dutour@ens.fr, Hebrew University, Jerusalem 

1 



If the assumption d{x,y) = d{y,x) is replaced by d{x,y) > 0, then we obtain a 
quasi- semi-metric. Those oriented distances appeared aheady in |[Hal4|], pages 145- 



146. Quasi-semi-metrics are used, for example, in the Semantics of Computation 
and in Computational Geometry. 

Consider now an extension of the notion of semi-metric in other direction. A 
basic example of a metric is (M^,(i), where d is the Euclidean distance of x and y, 
i.e. the length of the segment joining x and y. An immediate extension is (M'^,(i), 
where d{x, y, z) is the area of the triangle with vertices x, and z. A 2-hemi-metric 
(see f[Mi28|] , pl5l , PlGSj ) is a function d : — >R satisfying to 



(i) d{x,x,y) = 0, d{x,y,z) > 0, 

(ii) d{x, y, z) is invariant by permutations of x, z, 

(iii) the 2-simplex inequality d{x, y, z) < d{x, y, t) + d{x, t, z) + d{t, y, z). 

The condition d{x, y,z) > is convenient for polyhedral methods of the paper; in 
other contexts some stricter positivity assumptions are necessary. 

We recall some terminology. Let C be a polyhedral cone in M". Given f G M", 
the inequality Yl^=i '^i^i > is said to be valid for C, if it holds for all x G C. 
Then, the set {x G C : Yll=i''^i^i ~ 0} called the face of C , induced by the valid 
inequality Yld=i'^i^i > 0. A face of dimension dim(C) — 1 is called a facet of C; 
a face of dimension 1 is called an extreme ray of C. An extreme ray is called 0, 1 
valued if it contains a vector with only 0, 1 values. 

Two extreme rays of C are said to be adjacent., if they generate a two-dimensional 
face of C. Two facets of C are said to be adjacent., if their intersection has dimension 
dim(C) — 2. The skeleton graph of C is the graph G{C), whose nodes are the extreme 
rays of C and whose edges are the pairs of adjacent extreme rays. Denote by C* 
the dual cone of C. The ridge graph of C is the graph with node set being the set 
of facets of C and with an edge between two facets if they are adjacent on C. So, 
the ridge graph of a cone C is the skeleton graph G{C*) of its dual cone. For any 
cone C we will call diameter of C the diameter of G{C) and diameter of dual C the 
diameter of its dual, i.e. the diameter of its ridge graph. 

A mapping / : — > M" is called a symmetry of a cone C, if it is an isometry, 
satisfying to /(C) = C {An isometry of R" is a linear mapping preserving the 
Euclidean distance). Given a face F, the orbit of F consists of all faces, that can be 
obtained from F by the group of all symmetries of C. 

For all but one non-oriented cases, the group Sym{n) is the symmetry group; 



but in oriented case appears also a reversal symmetry (see [ PDP02|| ); so, all orbits 
of faces in oriented case are under action of Z2 x Sym{n). 

The cones OMCUTn and QMETn were introduced and studied, for small n, in 
DePa99| | , | pDP02|| ; their definition and basic properties are recalled in Section]^. 



The adjacency decomposition method of | ChRe9(: ] and the program cdd from 



bn9m were used to find the extreme rays and facets of the hemi-metric and super- 
metric cones defined in Section |^. When the method succeed completely, we indicate 
this by putting [a.d.m.); note that for the cone HCUT^, the non-negativity facet was 
considered as a sub-cone with its own symmetry group (see Q). If the adjacency 
decomposition method failed to finish (due to the complexity of the computation), 
then we get a lower bound on the number of orbits and we write > or (conj.), if, 
moreover, we expect this lower bound to be the right number. The lower bound for 



the number of extreme rays of the cone METg, was obtained, using the computa- 
tion in IPFPSOIII of the vertices of the polytope MET^ (see |peLa97|| page 421). 
Note also that we were able to test adjacency of facets or extreme rays of a cone, 
without knowledge of extreme rays or of facets of this cone; namely, we used a linear 
programming method. 

In Table |I| we summarize the most important numeric information on cones under 
consideration. The column 2 indicates the dimension of the cone, the columns 3 and 
4 give the number of extreme rays and facets, respectively; in parenthesis are given 
the numbers of their orbits. See ||Gr92|| , [ Pr9CI|| for a description of METj, CUTj; 
for all others not bold numbers in the upper half of Table |l] see [peLa97|] , ||DeRo02 . 
See [ DePa99 | for oriented case with n < 4. All data about super-metrics are new; 
all new data are indicated by bold numbers. The expanded version of those data 
can be found in [http : / /www . liga . ens . f r/~dutour/| . 



2 Cuts, semi-metrics and their oriented analogs 

We start with the notion of cut semi-metric. Given a subset S of Vn, let 6{S) denote 
the vector in R defined by 5{S){x, y) = 1, if |S'n{x, y}\ = 1, and 5{S){x, y) = 0, 
otherwise (for 1 < x < y < n). Obviously, S{S) defines a semi-metric on called 
a cut semi-metric (or, simply, a cut). 

Consider now the notion of multi-cut semi-metric. Let g > 2 be an integer and 
let S*!, . . . , S", be a g-partition of V^. Then the multi-cut semi-metric S{Si, . . . , Sg) 

is the vector in M ' 2 \ defined by 5{Si, . . . , Sq){x, y) = 0, if x, ?/ G Sh for some /i, 
I < h < q, and S{Si, . . . , Sq){x, y) = 1, otherwise, for 1 < a; < ?/ < n. 

It turns out, that every multi-cut is expressed as a sum of cuts with non- negative 
coefficients; so, they are not extreme rays in the semi-metric case. The cone defined 
by all 2"~^ — 1 non-zero cuts is called cut cone and denoted by CUTn] it has full 
dimension , The skeleton of CUT^ is K2n-i^i (see |PeLa97|| pages 539-540 

about CUTn). 

The triangle inequalities T^^y-z '■ d{x, y) + diij, z) — d{x, z) >0 are facets of CUTn 
(see [peLa97|] , [pr92|] for details). It is conjectured that every facet of CUTn is 
adjacent to a triangle inequality facet; this conjecture, if true, would imply that the 
diameter of dual CUTn is 3 or 4. 

The semi-metric cone METn is defined by all triangle inequalities T^^y-z- The 
cuts S{S) are extreme rays of METn and we have the inclusion CUTn C METn, 
i.e. METn is a relaxation of the cut cone CUTn- For n < 4 both cones coincide, 
while the number of facets of CUTn and extreme rays of METn explodes for n = 7 
(see [^fg and |GfU2[). The diameter of dual METn is two (see |peDe94|| ), while 



the diameter of METn (for n > 7) is three, if the Laurent-Poljak conjecture ( |[LP92 
and page 543 of [peLa97|] ) is true. 



The hypermetric cone HYPn is a (smaller than METn) relaxation of the cut 
cone, which is defined by taking, as the facets, a larger set of faces of Cf/T„: the hy- 
permetric inequalities. One has CUTn C HYPn with equality only for n < 6; HYP-j 
is the first non-trivial instance of this cone (see [PD01|| for HYPj and |PeLa971 | part 
II for general HYPn)- 
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Table 1: Some parameters of cones for small n 
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A function d{x, y) is called a quasi- semi-metric if it satisfies the non-negativity 
inequalities NN^^y '■ d{x, y) > and the oriented triangle inequalities OT^^y-z '■ 
d{x, y) + diy, z) — d{x, z) > 0. 

In the same way, given a subset S of Vn, let 5 (S) denote the vector in R"'^"'~^\ 
defined by 6 {S){x,y) = 1, if xES,y^ S, and 6 {S){x,y) = 0, otherwise, for 
1 < X ^ y < n. Clearly, S (S) defines a quasi-semi-metric on Vn, called an oriented 
cut. Given an ordered g-partition Si, . . . , Sq of Vn, let 6 {Si, . . . , Sq) denote the 
vector in R"("~^\ defined by 6' {Si, . . . , Sq)ij = 1, if x e Sa, y € Sp, when a < (3, 
and 6 {Si, . . . , Sq){x, y) = 0, otherwise. It may be verified that 6 {Si, . . . , Sq) defines 
a quasi-semi- metric on Vn, which is called an oriented multi-cut. 

The cone generated by all non-zero oriented multi-cuts on Vn is denoted by 
OMCUTn- This cone is of full dimension n{n — 1), but, contrary to the non-oriented 
case, oriented multi-cuts are not always adjacent (see ||DePa99|| and [ pDP02|| ), while 
oriented cuts are still adjacent. It was conjectured in |pDP02| | that non-negativity 
and oriented triangle inequalities are facets of OMCUTn. 

Let us denote by QMETn the cone defined by the n(n— 1) non-negativity inequal- 
ities and the n{n — l){n — 2) oriented triangle inequalities on Vn. It is conjectured 
in 



DDP02II that the diameter of OMCUTn and of dual QMETn is two. 



We have the inclusion OMCUTn C QMETn with equality if and only if n = 3. 
The number of facets of OMCUTn and of extreme rays of QMETn explode for 
n = 5, 6. 

The knowledge of extreme rays of QMETn (the cone of all quasi-semi-metrics 
on n points) for small n will help to build a theory of mult i- commodity flows on 
oriented graphs, as well as it was done for non-oriented graphs, using dual METn- 



3 m-hemi-metrics, (m, s)-super-metrics 

The notion of m-hemi-metric is an m-ary analog of the (binary) notion of semi- 
metric. This notion was introduced in | Dclio01 | and studied, using the program cdd 



Fu95|| , for small parameters m, n in |PeRo02 



For an arbitrary positive integer m, a map d : E^^^ — > M is totally symmetric 
if for all Xi, . . . , x^+i € E and every permutation vr of {1, . . . , m + 1} 

d{xT^(^i^, . . . , a;,r(m+i)) = d{xi, . . . , Xm+l). 

If it satisfies to d{xi, . . . , x^+i) = 0, whenever xi, . . . , x^+i are not pair- wisely 
distinct, then it is called zero- conditioned. 

Definition 1 Let m > 1. An m-hemi-metric on E is a pair {E,d), where d : 
j^m+i — ^ totally symmetric, zero- conditioned and satisfies the m-simplex in- 
equality: for all Xi, . . . , Xm+2^ E 

m+l 

STxj^^,,,^Xm+2;Xm+2 ' d{xi, . . . , Xm+l) — ^ ^ d{xi, . . . , Xi—i, Xij^i, . . . , 3^171+2)) 

i=l 

and the non-negativity inequality 

: d{xi, Xm+i) > 0. 



Definition 2 Let m be a positive integer and let s be any positive number. An 
{m, s)- super-metric on E is a pair {E,d), where d : E"^^^ — > M is totally sym- 
metric, zero- conditioned and satisfies the {m, s) -simplex inequality: for all distinct 



m+1 



S STxi,...,Xm+2;x,n+2 " sd(^Xi^ • • • ; ^m+l) — ^ ^ d(^Xi, ■ ■ ■ , 1, I^j+l , • • • 3Jm+2 ) ; 



i=l 



and the non-negativity inequality 

iViVa;i,...,x„+i : d{xi, . . .,Xm+i) > 0. 

So, a m-hemi-metric is just a (m, l)-super-metric and a semi-metric is a (1, 1)- 
super-metric. 

If T = {xi, . . . , tlien we will set d^^ = d{xi, . . . , Xi-i, Xi+i, . . . , and 

= X^iS^'^^^i- '^^^ (m, s)-simplex inequality s — STT-xm+2 can be rewritten as 
(s + < Sr. 

The following notation will be used below: 

• the cone HMET^ of m-hemi-metrics, defined by all (m-|-2) (^'^2) "^-simplex 
inequalities and all ^) non-negativity inequalities on V^, 

• the cone SMET^''^ of (m, s) -super-metrics, defined by all (m+2) j^) {rn, s)- 
simplex inequalities and all {J^i) non- negativity inequalities on Vn, 

• the cone SCUT^'^, generated by all 0, 1 valued extreme rays of SMET^'^. 

( " ) 

All these cones lie in the positive orthant R.^'""'' . 

An example of a m-hemi-metric is m-dimensional volume in M" (with n > m) . 
The same notion of m-volume, restricted to some subset T of M", gives ex- 
amples of (m, s)-super- metric with s > 1 (see |[MaDu|| ). One can check that the 



m-dimensional volume is, moreover, a (m, s)-super-metric: 

(i) if T is m + 2 vertices of regular m + 1-simplex and s = m + 1; 

(ii) if T is six vertices of octahedron, m = 2 and s = 1 + -\/3- 

Any facet or extreme ray of the cones SMET^''^ is given by vector, say, v, which 
can be indexed by (m + l)-subsets of the set Vn- So, each such vector can be seen 
as vertex-labeled subgraph of the Johnson graph J{n,m -\- 1), i.e. we consider the 
restriction of J{n, m -|- 1) on the support of v (i.e. the set of all indices of the vector, 
on which its components are non- zero). Call this restriction, labeled representation 
graph of v (in Johnson graph J{n, m + 1)) and denote it by G^. In the special case, 
when V is an (0, l)-vector, is just usual graph. In Section | we will introduce 
another graph for the special case n = m + 3. 

Below Kn denotes the complete graph on n vertices, C„ denotes the cyclic graph 
on n vertices, i^^ni,...,nt denotes the complete t-partite graph on sets of size ni, . . . ,nt. 
VG is the graph, obtained from a graph G by adding a vertex, which is adjacent to 
all its vertices, and Kn — tK2 denotes the complete graph Kn with t disjoint edges 
removed. 



Proposition 1 For SMET^'' holds: 

(i) If s > m + 1 , the cone collapses to 0. 

(a) If s = m + 1, the cone SMET^'^^^ collapses to the half-line of all non- 
negative multiples of the vector of all ones. 

(Hi) If m < s < m + 1 the non-negativity inequalities are implied by the (m, s)- 
simplex inequalities. 

Proof. Let take the fixed support T = {xi, . . . , Xm+2}', by summing all (m, s)- 
simplex inequalities (s + l)dxi — ^t, we obtain (s + 1)St < (m + 2)Et. By 
non-negativity inequalities S-p > 0, we have that, for s > m + 1, only the vector of 
all zero is possible as d, i.e. the cone collapses to zero and we obtain (i). 

Now, summing the (m, s)-inequalities over all i ^ k,we obtain (s+l)(S2-— (i^^.) < 
(m + i.e. {s + l)dx^ > (s — m)^^. This inequality and the (m, s)-simplex 

equality gives 

(s-m)ST < (s + lK, < St. (*) 

For s = m + 1, this inequality imply (m + 2)dx,. = S-p, i.e. c? is a positive multiple 
of the vector of all ones and we obtain (ii). 

Let m < s < m + 1. Then, the inequalities (*) imply the inequality > and, 
therefore, the non-negativity inequalities. This gives (iii). 



We will now assume < s < m + 1. 



Remark 1 We got by computations the following new facts about small cones MET^: 

(i) the full symmetry group of MET^ is Sym{n) for n = 3, 5, ... , 14, and for 
n = 4 it is Sym{4:) x Sym{3); 

(ii) the diameter of G{METj) is three; 

(iii) using the list of 1550825600 vertices of the metric polytope METg (see 
j\DFPSO]^ ); we obtained 3918 orbits of extreme rays of the metric cone METg; 



(iv) the cone METj has 46 orbits of extreme rays and not 41, as was given in 
f^M^ and l\DeLa91\l . 



Note, that the group Sym{n) acts in an obvious way on Vn and so, on SMETJ^'^, 
which proves that Sym{n) is a subgroup of the full symmetry group of SMET^'^. 
In order to find the symmetry group of SMET^'^, one should consider the group 
of automorphisms of the graphs G{SMET^'') and G{SMET;^''*). If one of those 
groups is equal to Sym{n), then the full automorphism group of the cone SMET^''^ 
is Sym{n) 

We checked by computer, using the nauty program ( [[MK|| ), for {m,s,n) = 
(2, 2, 5), (2, 1, 1), (2, 1, 6), (3, 2, 5), (3, 3, 6), (3, 1, 6), (3, 2, 6), (4, 1, 7) and for MET^ 
with 5 < 72 < 14, the validity of the following conjecture: 

Conjecture 1 The symmetry group of SMET^'^ is Sym{n), the only exception 
being MET^ = SMET^'^ , for which it is Sym{4) x Sym{3). 

Remark that in the SCUT^''^ case, the situation is more involved; for example 

o 3 

the symmetry group of SCUT;;'^ has size 518400 and not 720 as we expected. 
Remark that 
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Theorem 1 For the facets of SMET^''' holds: 

(i) The non-negativity facet NNA-{i} is non-adjacent to the {m, s)- simplex facet 
STA.i zn the cone SMET;^''', 

(a) two m-simplex facets are non-adjacent if they have the same support, 
(Hi) for m — 1 < s < m, the non-negativity facets NNa and NNb are non- 
adjacent if \An B\ = m. 

Proof, (i) If c? is a m-hemi-metric satisfying d(A — {i}) = and sd{A — {i}) = 
Ylk€A-{i} ~ {^})' then we have d{A — {k}) = for all k & A — {i} and d lies in 
a space of insufficient rank. 

(ii) Assume that d is incident to the facets STx^i and ST^j with T being a subset 
of Vn of size m + 2 and i,j G T. Then we have 2di = and 2dj = E^, which 
imphes di = dj and = J2keT-{ij} '^(^ " i^})- ~ i^}) — the rank is 
again too low. 

(iii) If |y4 n i?| = m, then write AU B = {An B)U {i,j} and set d(AuB)-{k} = dk 
for k & A. The non-negativity inequalities NNa and NNb have the form di > 
and dj > 0. Let d lie on NNa and NNb- Then di = dj = 0. Summing (m, s)- 
simplex inequalities (s + l)dk < ^aub over all k 7^ i,j, and taking in attention that 
di = dj = 0, we obtain (s + 1)T,aub < ^^aub- li m — 1 < s < m, this inequality 
holds only if T^aub = 0. Hence dk = for all k & AU B, i.e. the rank is too low. 

If s = m — 1, the last inequality is equality. This means that all summed 
inequalities are equalities, too. Hence mdk = ^aub for all k 7^ i,j. This implies, 
that the intersection of A^A^^ and A^A"^ is the ray di = dj = 0, dk = const > 0, 
k 7^ i,j. Hence codimension of this intersection is m + 1, which is strictly greater 
than two, needed for adjacency. 

Conjecture 2 For the facets of SMET;^''' holds: 

(i) two (m, s) -simplex facets are not adjacent if and only if s = 1 and they have 
the same support, 

(ii) a non-negativity and a {m, s)- simplex facets are not adjacent if and only if 
they are confficting (i.e. there exist a position, for which they have non-zero values 
of different sign), 

(iii) two non-negativity facets, say, NNa ond NNb ore not adjacent if and only 
if \Ar\ B\ = m and m — 1 < s < m, 

(iv) the ridge graph is complete if s > m; otherwise, it has diameter two and, 
for 1 < s < m — 1, it is K, w „ \ — ( "i)-ft'2- 

This conjecture was checked for all cases of Table 



Proposition 2 The number of orbits of 0, 1 valued extreme rays and the minimal 
number of zeros of an extreme ray are: 



(3, 5) for HMET^ 


(2, 0) for SMET^''' 






(4, 8) for HMETi 


(5, 3) for SMETl''' 


(2,0) for SMET^''^ 




(5, 13) for HMETf 


(10, 7) for SMET^''' 


(7, 3) for SMETj'-' 


(2, 0) for SMET:^'" 


(6, 9) for HMET^ 


(3, 0) for SMET'^''^ 
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By analogy with the binomial coefficient (^) , let us denote by (^) the set of all 
m-subsets of the set A. 

Definition 3 (i) For any function d on the set (^j^) one can define a function d^^ 
on the set i^V^, called zero-extension, by 



jze _ 

"5 — 



ifSdVr, 

dsnVn, otherwise, 



for any {m + 2)-subset S of V^+i. 

(a) For any function d on the set (^j^) one can define a function d'"^ on the set 
(m+i)' ca//ec? vertex-splitting, (of the vertex n into two vertices n andn + 1) by 



if {n, n + 1} C S, 

(iF = <; ds ifScVn, 

d{s-{n+i})u{n} ifn+leS and n ^ S, 

for any (m + 1)- subset S of Vn+i- 

For example, for the cuts {2,3,4} and 5{i,2},{3,4} (which are representatives of 
two orbits of extreme rays of MET4) zero-extension are vectors 



45 35 34 25 24 23 15 14 13 12 
0010110000 
0000110110 



(which are extreme rays of HMET^) and vertex-splitting are vectors 

12 13 14 15 23 24 25 34 35 45 



1111000000 
0111111000 



i.e. 5{i},{2,3,4,5} and (5{i,2},{3,4,5} (which are extreme rays of MET5). 

The graph G^ze is equal to for any 0, 1 valued vector. The graph Gd^s is 
obtained from Gd by splitting each vertex, associated to a set S C Vn, with n E S, 
in two vertices: one for subset S and another one for the subset {S — {n}) U {n -|- 1}. 

Theorem 2 ( i) Zero- extension of any extreme ray of SMET^'^ is an extreme ray 
ofSMET:^^\''%- 

(a) vertex-splitting of any extreme ray of HMET^ is an extreme ray of HMET^^. 

Proof, (i) If d is an extreme ray of SMET^'^, then one can check easily the vahdity 
of {m-\- l,s)-simplex inequalities and non-negativity inequalities for d,^'^. 

The ray d^'^ is incident to the non- negativity facet NNa if A C Ki and to the 
(m, s)-simplex facet STa-i, ii n + 1 E A and d is incident to STA^{n+i};i- 

Assume now that e is a ray of SMET^^^'^ , which is incident to all facets incident 
to d'^. Then we obtain e{A) = if A C K; 

so, the restriction of e to the subsets, containing n-\-l, is identified to a function 
on (J^^), which is incident to the facets incident to d. So, we get e = Xd^'^ with 
A > by non-negativity. 



(ii) If d is an extreme ray of HMET^''^, then one can check easily the vahdity 
of (m, s)-simplex inequahties and non- negativity inequahties for (T'^ . 

The ray d"'^ is incident to the non-negativity facet NNa if {n,n + 1} C A and 
to the (m, s)-simplex facet STa-i, if A C K, and d is incident to STa-^i- 

Assume now that e is a ray of HMET^\, which is incident to all facets incident 
to d""'. Then one obtain e{A) = if {n, n + 1} C A. 

Now, if {n, n + 1} C T, then, applying m-simplex-inequalities STx-n+i and STt-u, 
we get e(T — {n}) = e(T — {n + 1}). 

Since the restriction of e on yield a vector, which is incident to all facets 
incident to d, one obtain (since d is an extreme ray) that the restriction e\v„ is a 
multiple of d. So, we get e\v„ = Xd with A > 0. Above equalities yield e = Xd^ 



JVS 



The same result holds for the similar notion of vertex-splitting of an ray in 
QMETn (see |PDP02|| ). 



Theorem 3 For the cone SMETl^'^^ holds: 

(i) It has only one orbit of extreme rays. Each extreme ray contains a vector 
with \_s\ + 1 components 1, one component s — [sj and the other ones 0; all such 
vectors appear on different extreme rays. 

(11.1) If s is integer, the skeleton is the Johnson graph J{m + 2,s -|- 1); 

(11.2) if s is not integer, then two extreme rays are adjacent if and only if they 
either have the same support, or they differ only by the position of the value s — \_s\ 
in the associated vector. 

(iii.l) If m < s < m + 1, then both, the skeleton and the ridge graph, are Km+2', 

(Hi. 2) ifl<s<m — 1, then the ridge graph is K(^rn+2)x2; 

(Hi. 3) i/s = l<m — 1 orl<s = m — 1, then it is -ft'{m+2)x2 — Km+2; 

(Hi. 4) if s = 1 = m — 1, then it is -ft'(2+2)x2 — '^^2+2, (i-^- 3 — cube). 

Proof, (i) The cone is defined by ^ > (s + l)dk > for all 1 < /c < m -|- 2. 

In fact, SMET^!^2 has dimension m + 2 and two orbits of facets, each consisting 
of m + 2 linearly independent members: (m, s)-simplex facets - all (1, — s)-vectors 
of length m + 2 with exactly one —s, and non-negativity facets - all (0, l)-vectors of 
length m + 2 with exactly one 1. Fix an extreme ray d of the cone. It lies on m + 1 
linearly independent facets. Without loss of generality, one can suppose that it lies 
on (m, s)-simplex facets with —s on positions 1, . . . ,p only and on non-negativity 
facets with 1 on positions p + 2, . . . , m + 2 only. So, di = ■ ■ ■ = dp = t, say; 
dp+2 = ■ ■ ■ = dm+2 = and (— s + p — l)t + rfp+i = 0. The vahdity of the (m, s)- 
simplex facet with —s on position p + 1 and of the non-negativity facets imply t > 0, 
dp+i > 0, and pt — sdp^i > 0. This yield the inequalities p — 1 < s < p; if s is integer 
then the values p = s + 1 and p = s yield the same solution; so, one can assume, in 
general, p = [sj + 1 and we are done. 

(ii) If s is integer, the vertices of the skeleton are the same as for the Johnson 
graph J(m + 2, s + 1). Let us see now that it is this Johnson graph, i.e. two extreme 
rays are adjacent if and only if the rank of the set of facets, containing them both, is 
m. If corresponding vectors have, say, i common ones, then this rank is m + 2z — 2s 
(namely, i simplex- facets and m + i — 2s non- negativity facets). The maximum of 

in 



this number is m and is attained exactly for i = s. The diameter of skeleton is 
min(s + 1, m — s + 1). 

If s is non-intcgcr, then each extreme ray belongs to exactly m + 1 (linearly 
independent) facets: [sj + 1 (m, s)-simplex facets with —s on position, where the 
ray has 1, m — [s\ non- negativity facets with 1 on position, where the ray has 0. 
So, the adjacency of extreme rays follows. 

(iii) First, non-negativity inequalities are not facets if and only if m < s < m+l. 
Two (m, s)-simplex facets are adjacent, unless s = 1 < m. Two non- negativity facets 
are adjacent, unless s > m — 1. Fixed (m, s)-simplex and non-negativity facets are 
adjacent if and only if there is no position, in which the first has —s and the second 
has 1. So, the ridge graph follows. 

Remark 2 (i) Any SMET^'' has only one orbit of extreme rays, represented by 
(0, s, 1) for < s < 1 and by {s — 1,1,1) for l<s<m+l = 2. Both, the skeleton 
and the ridge graph of this cone, are Cq for < s < 1 and for 1 < s < 2. 

(a) The number of extreme rays (number of orbits) ofSMET^'^ is 54(5), 2900(35), 
988105(1567) fors^\ and n = 4, 5, 6; it is 25(4), 1235(24), 530143(890) /or s = § 
and n = 4, 5, 6. 

We will suppose from now that n > m -|- 3. 

The incidence number of a facet (or of an extreme ray) is the number of extreme 
rays lying on this facet (or, respectively, of facets containing this extreme ray). The 
adjacency number of a facet or extreme ray is the number of adjacent facets or 
extreme rays. In Tables below, we give representative of orbits of facets (or extreme 
rays) with adjacency, incidence of their representatives and orbit-size. 

The representation matrix of skeleton (or ridge) graph is the square matrix, 
where on the place i,j we put the number of members of orbit Oj of extreme rays 
(or facets, respectively), which are adjacent to a fixed representative of orbit Oj. 

4 m-partitions hemi- metrics 

Given an unordered (m -|- l)-partition Si, ... , Sm+i of = {1, 2, . . . , n}, the m- 
hemi- metric, which we denote a{Si, . . . , 5*^+1), and call m-partition hemi-metric is 
defined by 



It is easy to see that a{Si, . . . , 5*^+1) is a m-hemi- metric, and, for m = 1, it is the 
usual cut semi-metric. 

The graph Gy = K^Si \ x -^l&l x ■ ■ • x -^iSin+ii is associated to the m-partition hemi- 
metric vector V — ck{Si, S2, ■ ■ ■ , Sm+i)', the zero-extension of v is the (TO-l-l)-partition 
hemi-metric a{Si, . . . , S,n+i, {n + 1}), while its vert ex- splitting is the m-partition 
hemi-metric a{Si, . . . , SpLi {n + 1}, . . . , Sm+i) if n e Sp. 

Theorem 4 The m-partition hemi-metrics are extreme rays of HMET^. 



a.{Si, . . . , Sm+i){xi 




1 if e 5*1, . . . , Xjnj^i e Sjnj^i 

otherwise. 
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Proof. Any ray a{Si, 5*2, ... , ^m+i) is a function on {^^^)- Using symmetry and 
above remark, it can be viewed as a vertex-splitting of ray «({!}, {2}, . . . , {m+1}) on 
Cm+i) ■ The hemi-metric cone HMET^_^^ has dimension one and a({l}, {2}, . . . , {m+ 
1}) generates it; so, applying Theorem 0, we obtain the result. 

Definition 4 Denote by HCUT^ the cone generated by all m-partition hemi-metrics 

on Vn- 

For m = 1 this cone is CUT^. Clearly, HCUT^ C HMET;;^ with equahty for 
n = m + 2. 

Conjecture 3 Let m > 1 and n > m + 2; then HCUT;^' = HMET^;' only if 
n = m + 2. 

Conjecture 4 In the skeleton of HCUT^ , two m-partition hemi-metrics are non- 
adjacent if and only if, up to permutations, corresponding [m + 1) -partitions can 
be written as {Si, . . . , Sm+i) and {S[, . . . , S'^^i), which differ only by Si, S2, S3 = 
AUB,C,D and S[, S2, S!^ = A,B,C U D for some disjoints sets A, B,C,D. 

This conjecture holds for n = m + 2 and it was checked also for {m,n) = (2,5), 
(3,6), (4,7), (5,8), (6,9), (2,6), (3,7), (4,8), (2,7). 

If this conjecture holds, it will imply, that the skeleton graph of HCUT^ has di- 
ameter two, since any two non- adjacent m-partitions hemi-metrics are both adjacent 
to m-partition hemi-metric a{AU C, B, D, S4, . . . , Sm+i)- 

Conjecture 5 (i) Adjacency rule in HMET^ is the same for the first orbit, rep- 
resented by {!}, {2}, . . . , {m}, {m + 1, . . . , n}, 

(a) but two elements of the second orbit (represented by {1}, {2}, . . . , {m — 
1}, {m, m -\- 1}, {m -\- 2, . . . ,n}) are non-adjacent if and only if the rule as above 
is completed by the condition 

rank{mf{a,b)) — {m-\-l) = {m+1)— rank {sup {a, b)) > 1 (rank here is the number 
of parts, while inf(a,6) and sup(a,6) are join and union operation in the lattice of 
partitions). 

Conjecture 6 The non-negativity inequalities and the m-simplex inequalities are 
facets ofHCUT;^'. 

This conjecture was verified for (m, n) = (3, 6), (4, 7), (5, 8) and for (2, 6). 

4.1 Facets of HCUTi, HCUTf 

We list in Table |^ and |^ only the orbits with incidence greater or equal to 29, besides 
the non-negativity and m-simplex facets. 

4.2 The cone HMET^ 

The graph for orbits Ei, E2, Es, E4, E^ and Eq is i^4, Cq (i.e. Prism^), Petersen 
graph, 3-cube, 2-truncated tetrahedron and a 10-vertex graph (with 4 vertices of 
degree five and all others of degree threeL respectively. 



123 


124 


125 


126 


134 


135 


136 


145 


146 


156 


234 


235 


236 


245 


246 


256 


345 


346 


356 


456 


Adj. 


Size 


Inc. 


-1 








1 





1 











1 





1 


2 








-1 














15270 


360 


45 


-1 


-1 





2 


2 





1 





1 





2 





1 





1 








-2 








5908 


180 


42 


-1 


-1 


— 1 


3 


-1 


1 


1 


1 


1 


1 


-1 


1 


1 


1 


1 


1 


1 


1 


-1 


— 1 


600 


180 


33 


-1 


-1 


-1 


3 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


939 


60 


33 


-1 


-1 


1 


1 








1 


1 














1 


2 


1 


-1 


1 


-1 


1 





1579 


720 


33 


-1 


-1 





2 


1 


-1 


1 


1 


1 





1 


-1 
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1 


1 





3 


-1 
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Table 2: Representatives of orbits of facets of HCUT^ with incidence at least 29 
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-1 
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-1 
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1 


1 
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1 
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2 


1 


1 
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2 
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2 
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2 
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1 


2 











1 
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1 
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1 
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1 


2 
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1 
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1 


1 


1 


2 


-1 
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1 
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32 
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-1 


2 


2 


2 
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1 


1 


1 
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30 
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-1 


2 


-1 


2 


2 


1 


1 


1 


1 


1 


1 


1 


1 


-1 


1 


1 


1 


1 
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33 
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29 
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-1 


2 
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3 


3 


1 


2 


2 
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1 
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-2 


44 
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29 
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2 


1 


2 


1 


1 


2 
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-1 


2 


1 


2 


2 


3 


-2 


89 
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Table 3: Representatives of orbits of facets of HCUTj with incidence at least 29 
4.3 The cone HCUT^ 

There are two orbits of 4-partitions of Vq giving us the total of 65 extreme rays. There 
are 16 orbits of facets; the representatives of corresponding orbits Fi, 1 < i < 16 and 
their representation matrices are given in Table ||, where ij means the complement 
of a 2-subset of Vq. 

The orbit Fi of the non-negativity facets form a dominating clique in the ridge 
graph of the cone HCUTq. Also, the ridge graph of the cone HCUTq, restricted 
on the orbits Fi and F2, coincides with the ridge graph of the cone HMETq. The 
complement of the local graph (i.e. of the graph induced by all neighbors of an 
representative of the orbit) for the orbits Fig, F15, F14, F13, F12 of small adjacency 
have, respectively 8, 8, 9, 7, 12 vertices. It is for Fig and some connected planar 
graphs for F15, F14, F13; for F12 it is Kg — Cg on the set Vg plus four pendent edges, 
which are incident with vertices 1, 3, 5, 7, respectively. 

5 The case n = m + 3 

The dimension of the super-metric cone SMET^^^^^ is (^"g) ~ ZilZLzll^ [ q the 
same as of METn- 

This correspondence allow us to replace the graph by a simpler graph: any 
facet or extreme ray of the cone SMET^''^ is given by a vector, say, v, indexed by 
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Table 4: Representatives of orbits of facets and extreme rays of HMETq 
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Table 5: Representatives of orbits of extreme rays and facets of HCUTq, followed 
by the representation matrix of the ridge graph of HCUTq 



(m + l)-subsets of Vn- It can be seen also as a function on 2-subsets of Vn, which 

arc complements of (m + l)-subsets of Vn=m^z- So, to every 0, 1 valued extreme ray 
of SMET"^'''^ ^ one can associate a set of pairs {ij) and this set of pairs is edge-set 
of a graph H^, such that the graph is the line graph of H^. If some vertices are 
isolated, then we remove them. 

For example, if is a cut 5{i,2,3},{4}, then v has the support {{1, 4}, {2, 4}, {3, 4}}, 
i.e. the complements are {{2, 3}, {1, 3}, {1, 2}}; so, is the complete graph on 
{1,2,3}. 

If f = a({l, 2, 3}, {4}, {5}) (an extreme ray of HMET^), then its support is 
{{1, 4, 5}, {2, 4, 5}, {3, 4, 5}}, i.e. the complements are {{2, 3}, {1, 3}, {1, 2}}; so, 
is the complete graph on vertices {1,2,3} again. In fact, q;({1, 2, 3}, {4}, {5}) is 
zero-extension of ^{1,2,3}, {4}- 

For any 0, 1 valued vector d, the graph Hd^e of the zero-extension of d, is equal 
to Hd. 

In these terms, we have 

1. All extreme rays of SMETI'^ = MET^ have = or K2,2{^ C4). 

2. All extreme rays of HMET^ have = K^{-=^ C3), X2,2(= C4); C'r,{^ C5). 

3. All 0, 1 extreme rays of SMET^''^ have = K^^ or i^2,2,i- 

4. All 0, 1 extreme rays of HMET^ have = K^{^ C3), isTa 2(= C4); C5); 

15 



5. All 0,1 extreme rays of SMET^'^ have Hy = K4, i^2,2,i; Ce{=Prism3), 
Ci + C^i Cs + C3. 

6. All 0, 1 extreme rays of SMETq'-" have = K5 or 7^2,2,2- 

7. All 0, 1 extreme rays of HMETf have = K^i^ C3), is:2 2(= C4); C5, Cg, 

8. All 0, 1 extreme rays of SMET^'^ have = X4, ^2,2,1; Ce, Ci + C5, C3 + C3; 
VCe or the graphs 




9. All 0, 1 extreme rays of SMET^'^ have //^ = K5, ^2,2,2; C'y, Ci + Cq, C2 + C5, 
C3 + C4, Ci + C3 + C3. 

10. All 0, 1 extreme rays of SMET^'^ have //^ = Kq or X2,2,2,i. 

11. All 0, 1 extreme rays of HMET^ have i/^ = K3{= C3), /s:2,2(= Q); C's, Cq, 

12. Some 0, 1 extreme rays of SMET^'^ have = K^, K2,2,u Cq, Ci + C5, 
C3 + C3, VC7; four graphs depicted above for SMETj''^, VCg, 3-cube, or 
the graphs 




13. Some 0, 1 extreme rays of SME T^'^ have = K5, ^2,2,2; i^4,4, C7, Ci + Cg, 
C2 + C's, C3 + C4, Ci + C3 + C3; complement of 3-cube or the complement of 
the graphs 
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14. Some 0, 1 extreme rays of SMET^'^ have = Kq, -ft'2,2,2,1; Cg, Ci + Cj, 
C2 + Cq, C3 + C5, C4 + C4, Ci + C3 + C4, C2 + C3 + C3. 

15. All 0, 1 extreme rays of SMETs'° have = Kj or ir2,2,2,2. 
Conjecture 7 In terms of graph H^, associated to 0, 1 vectors, we have for the cone 

(i) For s = m, there are two orbits of 0, 1 extreme rays: Kn-i and — [f J-^2- 

(ii) for s = m — 1, besides zero -extension from SMET^Si^'^^^'^ , all 0, 1 valued 
extreme rays for m = 2,3,4 and some for m = 5 have being the complement 
of the union of disjoint circuits with lengths partitioning n = m + 3, but lengths- 
vectors (the lengths are not increasing) (...,1,1), (. . . , 2, 1), (. . . , 2, 2) and {n < 4), 
(n — 1 < 4, 1), {n — 2 < 4, 2) are excluded. 



We checked this conjecture up to n = 12. 



Conjecture 8 The complete list of extreme rays of HMET^^^^ consists of 

(i) 0, 1 valued extreme rays with H„ = Ci for 3 < i < m + 3 and 

(ii) 0, 1, 2 valued extreme rays v represented by = Ci^2,...,i+Pi,i+i,...,k+Ck,k+i,...,j 
(with 3<i<k, j>k-\-2, and i + k — 1 < j < n), having value 2 on edges 
of the path (so, besides zero- extensions, they are those with j = n, i.e. with all 
3 <i < k <n - i + l). 

Another interesting fact is that the found minimal incidence number for extreme 
rays of SMET^^^ is ('"^^) and not (apriori possible) minimum (™^^) — 1, which 
occur for other super-metric cones. 



Conjecture 9 The number of extreme rays, the number of orbits, and the diameter 
ofSMET^'' are: 



(1170, 16,5) if s 6]0, 1[ 


(37, 3,2) if s = l 


(2462,35,5) if s G]l, f [ 


(1442, 25, 4) «/ s = f 


(2102,31,5) j/s 6]|,|[ 


(1742, 28, 5) j/ s = 1 


(1862,30,5) if s e]|,2[ 


(132,6,2) ifs = 2 



This conjecture was verified for about one hundred values of s. 

The representatives of orbits of facets and extreme rays of the cones SMET. 



2,2 



SCUT^''^, SMET^'^ 



scuT^'\ smet:; 

|, H, |ll], |10|, respectively. 



4,4 



are presented in Tables 
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Table 6: Representatives of orbits of facets and extreme rays of SMET^', followed 
by the representation matrix of skeleton graph of SMET^'^ 
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Table 7: Representatives of orbits of extreme rays and facets of SCUT^' , followed 
by the representation matrix of the ridge graph of SCUT^'^ 
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Table 8: Representatives of orbits of facets and extreme rays of SMETq', followed 

m3 3 

by the representation matrix of the skeleton graph of SMETq ' 
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Table 9: Representatives of orbits of extreme rays and facets of SCUTq'^, followed 

3 3 

by the representation matrix of the ridge graph of SCUTq' 
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6 The case m = s and n > m + 4 

As we saw above, the case n = m + 2 was completely solvable and the case n = m + 3 
was computationally reasonable. But already for n = m + 4 the combinatorial 
explosion happens (see, for example, HCUTq, SMET^'"^, and SCUTq'"^). 

A remarkable feature of the cone SCUT^'^ = CUTn is that its skeleton is a com- 
plete graph. We checked that this happens also for SCUT^''^ with (m, s, n) = (2, 2, 5), 
(3, 3, 6), (4, 4, 7), (2, 2, 6), (2, 2, 7), but not for (5, 5, 8), (3, 3, 7) and (3, 2, 6). Remark 
that SCUT^'^ is the smallest example, when SCUT^'^ has facets, which are not 
adjacent to any of (m, s)-simplex facets. 

The cone SMET^^^"^ shares with SMEXy = MET^ the property that the 
non-negativity inequality is redundant. We expect that it shares also the following 
conjectured property: 

Conjecture 10 The cone SMET^'"^ has extreme rays without components zeros. 

This conjecture holds for the cones MET^ = SMET^, SMET^'^, SMET^'^, 
SMET^'^, SMET^'\ SMET^'^, SMET^'^. 



Proposition 3 The vector v, defined below, is an extreme ray of the cone SMETj 

v{S) = 



•m,m . 
n 



1 if leS, 

if l^S 

for any (m -|- 1) -subset of {1, ... ,n}. Its graph is Johnson graph J{n — 1, m) and 
the orbit represented by v, has size n. 



Proof. If T = {xi, . . . , Xm+2} is an (m + 2)-set, then v is incident to the (m, m)- 
simplex facet {s + l)dx^ < Sj^ if and only if 1 ^ T or 1 G T and Xj 7^ 1. Let 
d G SMET^'"^ be a ray incident to all those facets. 

If 1 ^ T, then, by summing all (m, m)-simplex equalities with support in T, one 
obtains (m + = (m + 2)St, i.e. Et = 0. So, d{S) = if 1 ^ 5. 

If 1 G T, we get (m + l)dx = for all x G T — {!}. Considering all 1 G T, we 
obtain d{S) = A for all sets S with 1 G S*. So, d = \v, which proves the result. 
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